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Abst rac t - -The  truncated normal distribution arises naturally in the performance analysis of com- 
puter and communication systems. However, models involvin8 this distribution have bee~ avoided 
in the past due to the fact that they are mathematically unsolvable. The only available solutions for 
such models are general approxin~,tions, the best of wh/ch is the ~ o n  approxl,nAt.~on. 
In this paper it is shown that exact solutions for queue~ models involving the tn.~c.~ted normal 
distribution may be obtained if a rational Approximation for the LaLplace transform of the truncated 
normal may be derived. It is then demonstrated how such an approximation may be obtained using 
the Padae approximation method. The reliability of the process is illustrated by applying the method 
to compute the average number of jobs in the special case of the E2/TN/1 model. The numerical 
results are shown to compare very well with the results obtained for the E2/E2/1 model. Conclusions 
and recommendations are finally given. 
1. INTRODUCTION 
Queueing models are now commonly used to analyze the performance of computer and commu- 
nications ystems. It is well known that the performance metrics computed through these models 
are greatly influenced by the service and interarrival time distributions. In many practical cases 
the only information available about these distributions are the first and second moments which 
are not enough to specify a distribution uniquely. The analyst is usually faced with a dilemma s 
there is no clear indication as which model to choose. Traditionally the only guidelines are the 
ease of analysis and computational efficiency. However, Jaynes [1] elegantly argued that in such 
cases one should choose the model that maximizes the entropy subject o the available informs- 
tion. The main advantage of maximum entropy distribution models is that they avoid any bias 
not clearly suggested by the available information. 
If the only available information about the distribution are its first and second moment hen 
it has been shown that [2,3] the corresponding maximum entropy model i sa  truncated normal. 
Therefore to obtain the performance metrics one should use queueing models involving the trun- 
cated normal distribution. Previously, the analysis of such models has been very difficult and 
obscure [4, p. 273]. In this paper it is shown that such models may give useful results if a rational 
approximation for the Laplace transform of the truncated normal distribution is used. Such an 
approximation may be obtained using the Padae approximation technique [5, p. 173]. The system 
may then be analyzed using the methods given in [6]. 
Previous results obtained in [6] are summarized in Section 2. The Laplace transform of the 
truncated normal and its rational approximation are derived in Section 3. To illustrate the 
process, the results are applied in Section 4 to compute the performance metrics for the E2/TN]I 
model. Conclusions and recommendations are given in Section 5. 
2. PREVIOUS RESULTS 
It has been shown in [6] that for any stable G/G/1 model, if both the service and interarrival 
times have rational Laplace transforms then the average number of jobs in the system is given 
by: 
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(n) (l + Y. +p3y°) + ~~+~(ek  + B) 
" -  m , (1)  
( l -p )  II e~ k:i+2 
where B is given by: 
m 
B=I ,  ( i fm=i+2)  or s= ~ ~ e,, ( i fm>i+2).  (2) 
k=i+2 I----i+2,17£k 
Y. = (C. + 1)/2, Y, = (C0 + 1)/2, DA*(O) is the denominator of A'(O). e,+~, e,+s, . . . . . .  , 
Om a~e the zeros located in the half-plane Re(e) > 0 for the polynomial: 
~ZF'(e)A'(-e) - DF' (e )  = O. (3) 
NF*(O) and DF ' (e)  are the numerator and denominator of F*(O), respectively, i is the total 
number of zeros for DF' (e)  = 0 and m is the total number of zeros for the polynomial (3). 
p = (mean arrival rate)/(mean service rate) is the utilization coefficient. The mean waiting time 
and mean response time may be obtained from these formulae using the famous Little's formula 
in [4, p. 17]. 
3. THE TRUNCATED NORMAL DISTRIBUTION 
$.1. The General Form of the Distribution 
If the only available information about a distribution is its first and second moments, then the 
model that maximizes the entropy subject o this information is a truncated normal [2,3] of the 
form: 
f(t) -- Ze -(:`'+::''2), (4)  
where Z = e ~° is a normalizing constant chosen such that fo  f(t)dt = 1. z0, zl, zz are Lagrange 
multipliers whose values are determined through the maximization process. For more on the 
maximum entropy truncated normal and the method of maximization see [2,3]. 
$.~,. The Laplace Transform 
The Laplace transform of the above distribution may be obtained using the relation: 
~0 °° 
F'(e) = e-etf(t)dt (5) 
[ = Z e-("l+e)~+=~t~dt. (6) 
But ((zl + e) t  + x2t 2) may be put in the form (r 2 - c2), where: 
r= I~-~. ~ Zl-[-e) (Zl"}'e) 
2v~~ , c= 2~ (7) 
In view of this (5) becomes: 
ZeeZ ~o°°e-'Zdr_ ~erf(c), F'(e)=-~; (s) 
where 2Jo° er f(c) = - -~ e-r~ dr. (o) 
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But fromintegralcalculus: 
Consequently, (8) becomes: 
/ °°e-"=~/~. (I0) 
F'(O) = o.5 ~f-~ Ze°'(1 - e,-f(c)). (11) 
$.$. A Rational Approzimation for the Laplace 23.ansform 
The relations (1)-(3) listed in Section 2 above are based on the assumption that the Laplace 
transforms of both the service and interarrival times are rational. Clearly, the Laplace transform 
of the truncated normal, given by (11) above does not satisfy this condition. In order to apply 
the results of Section 2 above, (11) should be transformed into rational form. It is clear that 
both the exponential and the error function terms in (11) above may each be replaced by an 
infinite series expansion, which makes the whole expression rational. However, this may greatly 
complicate the analysis and make it difficult to solve for the zeros in (3) above. A more practical 
approach would be to seek a simple rational approximation for these terms. One way of doing 
this is to use the Psdae approximation method [5] described below. 
8.8.1. The Padae Approzimation Method 
Given a function f(y) that may be expressed as 
OO 
/(y) = ~ ~ ~, (12) 
k=0 
the Padae approximation method is a technique that may be used to approgimate f(y) with a 
rational function g(y) having the form: 
g(~) = ~ = ET=o q~y* 
(13) 
The parameters P0, P l , . . .  ,iOn and q0, ql,. .  •, qra are chosen such that: 
/c*)(o) = g~k)(o), for k = o, i, 2,...n + ,,. (14) 
Relation (13) is said to be a Padae approximation of order (n,m). As shown in [7, p. 393], the 
Padae approximation may be computed by enforcing the constraint that the coefficients Pk and 
qk should be chosen such that the polynomial, 
y(y)O-(y)-P.(y), (is) 
has no terms of degree less than or equal to n + m. This means that the value of these parameters 
may be obtained by solving the set of homogeneous equations: 
p, = ~"iq,-i, (le) 
j=o 
where 
f(k)(O) and P(-+0 = q(m+O = O, K i > O. 
at  = ki ' 
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$.3.£ A Padae Approzimation o/ Order (1,~) /or the term e c* 
To illustrate how Padae approximations may be computed, the method is used here to obtain 
a rational approximation oforder (1,2) for the term e ~2 in the Laplace transform (11). Since the 
order of approximation is (1,2), five coefficients are needed. These are P0, Pl, q0, qt, q2. 
To obtain the values of the above parameters, the ~y lor  series expansion for • e2 is substituted 
for f(y) in (15) above after making the substitution y = c 2. This gives: 
l+y+~.  +~. +.. .  (qo+ql+q2)-(Po+Pl).  (17) 
The coefficients P0, Ps, q0, qz, q2 are then chosen such that the coeffidents of y, y2, y3 are all 
zero, since (17) is not supposed to contain terms of degree less than 3(n = 1, m = 2, n+m -- 3). 
This leads to the following values: 
1 2 1 
P0 = q0 = 1, Pl = ~, ql = -~,  q2 = ~. 
Consequently, the required Padae approximation is:
I + (y/3) 
I -  (2y/3) + (y/6)" 
(18) 
Knowing that y = c 2, c = (zx + 0)/2 (V /~,  (18) becomes: 
96z~ + 8z2(zl + 0) 2 
96z~ - 16(Zl + 0)  2 + (zl + 0)  4. 
(19) 
$.$.$. A Rational Approzimation /or the TN Laplace Transform 
The Padae approximation method may similarly be used to obtain a rational approximation 
for the error function term in the Laplace transform (11) using the expansion: 
(-1)i 
er / (c)  = (2i + 1)i! c(2i+I)" (20) 
i--0 
However, for the sake of simplicity, let us just 
above expansion and get: 
er/ (c)  = 
In view of this the rational approximation for 
replace the error function by the first term in the 
zl + 0 (21) 
c -  2 (V /~ . 
the Laplace transform becomes: 
96z] + 8x2(zx + 0)  2 ] 
F ' (e )  = Z[t - c] 96zi :~  ¥e-~+ (zl + 0), (22) 
The value of Z should be chosen such that F* (0) = 1. This gives: 
(2Vf~ - zx) (96z~ + 8z~z2)' (23) 
where zl and z2 may be computed using the relations: 
0 
-F*  (0) = first moment, 
I I  
F* (0) = second moment. 
(24) 
(25) 
Therefore, given the first and second moment zl and z2 may easily be computed. 
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4. ESTIMATING THE PERFORMANCE METRICS FOR THE G/TN/1 MODEL 
In order to compute the various performance metrics for the G/TN/1 model, Equation (3) 
above should be solved for the required zeros. 
NF'(O) A*(-O) - DF*(O). 
To do that, NF*(O) and DF'(O) should first be identified. Relation (1) or (4) above may then 
be used to compute the average number of jobs in the system. The average waiting time and the 
average response time may then be computed using Little's formula [4, p. 17]. 
In this section, the procedure of computing the performance metrics for the G/TN/1 model is 
illustrated by a simple example. The system to be considered is an E2/TN/1 model (Erlang-2 
interarrival times and truncated normal service times). 
For this system "A*(-0)" is given by: 
f 2a ~2 
A*(-O) = \2a-e /  " (28) 
Using (23) above, one gets: 
NF'(O) = Z [ (2V~- (z l  + e))(96z~ + 8z2(zl + 0)2)], 
DF*(O) = 2v/~'~2 (96z 2 - 16(Xl  -~- 0 )  2 + (Xl -~- 0 )4) .  
(27) 
(28) 
Consequently, (3) above becomes: 
2~/~(2a  - 0 )  2 [96z~ - 16(z~ + 2Zle  + 0 2) + (xl -{- 0)  4] 
- 4a2Z[(2V~ "-  (Xl "b e))(96z~ + 8x2(x I --}- 0)2)] : o. (29) 
It can be shown using the arguments similar to those in (6) that the above equation has only one 
zero in Re(e) > O, (91, say. In view of this (1) above becomes: 
A -O1 (n) = 1 + Y. + p2y, + ~ (30) 
1 -p  01 
Therefore to compute the average number of jobs in the system, one needs only to compute 01. 
4.1. A Numerical Ezample 
To verify the above approximation method, the average number of jobs in an E2/TN/1 system 
has been computed for 3 values of p. The results are compared with those obtained for the 
E2/E2/1 for the same values of p. First the values of Zl and z2 are computed by solving the 
system of nonlinear equations resulting from (24) and (25) above. The results are shown in the 
table below. It is clear from the table that the results obtained for the E2/TN/1 are very close 
to those obtained for the E2/E2/1, despite the fact that the approximation for the TN Laplace 
transform is very crude (only two terms were considered). 
Table 1. The value of (n) for E21TNI1 compm'ed with that for the E21E211. 
For the E2/TN/1 : z l  -- -1.81, x2 = 1.02. 
p Ca Cs 
0.25 0.5 0.5 
0.50 0.5 0.5 
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5. CONCLUSION 
It has been illustrated how the average number of jobs and related performance metrics may 
be computed for queueing models involving the truncated normal distribution. The work is 
based on the Padae approximation method and results previously obtained in [6]. The numerical 
results obtained for the E2/TN/1 model are very close to those obtained for the E2/E2/1 model, 
despite the fact that the rational approximation for the TN Laplace transform involves only the 
first two terms. Apart from confirming the reliability of the process, this finding suggests that the 
Erlang, distribution may be a very good approximation for the truncated normal. This is very 
important because the analysis of Erlang models is much easier than the analysis of truncated 
normal models as illustrated in [6]. More work is needed to investigate if Erlang distribution will 
be consistent in approximating the TN distribution. The above results are very significant for 
the analysis of general queueing networks because, as stated in [7], the truncated normal is the 
most suitable model for interdeparture times in such models. This means that in open queueing 
networks each node may be analyzed using a TN/G/1 model. More practical work is needed to 
see the actual effect of the above results on the analysis of general queueing networks. 
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